As one of the core components, the joint plays an important role during the movement of space manipulator, and its performance will be influenced by the existence of the backlash, which can severely sacrifice the quality of the manipulator to perform a task. In order to have a comprehensive understanding of the influence of the backlash to the gear transmission joints, a dynamic model of planetary gear transmission joint with consideration of the time-varying mesh stiffness, mesh damping, gear backlash, and gear mesh error is established by the lumped parameter method, and the differential equations of motion are established by Newton-Euler method in this paper. In addition, a novel calculation method is proposed to solve the differential equation analytically using the precise integration algorithm under Hamiltonian system on the basis of a simplified treatment. The simulation results indicate that the backlash within a certain range has little effect on periodic solutions of the planetary gear transmission train, but with the enlargement of backlash, the dynamic response of the system is significantly changed.
Introduction
Planetary gear transmission joint is widely used in large space manipulators because of its large bearing capacity, high reliability, and long life-span [1] . However, backlash, regarded as one of the most important nonlinearities, may cause delays, oscillations and inaccuracy, leading to the poor performance of control systems in many applications [2] [3] [4] .Therefore, with the increasing requirements in manipulators performance and control accuracy, dynamic performance of gear pair has been a popular topic in academic research in recent years. Among these, dynamic modeling and performance analysis of the planetary gear transmission with backlash have attracted much attention.
For example, Z. M. Sun [5] established nonlinear dynamic model of planetary gear transmission in consideration of the backlash and mesh stiffness. M. Hamed [6] presented a mathematical model based on dynamic transmission error to analyze the influence of nonlinear oscillations of spur gear pairs with backlash on planetary gear pairs. Q. L. Huang [7] set an optimized mathematical model of gear transmission system on the basis of a nonlinear purely rotational dynamic model of a multistage closed-form planetary gear, aiming at minimizing the vibration displacement of the low-speed carrier. Y. F. Chen [8] investigated the influence of the rotary inertia of the sun gear on the dynamic behavior using a lumped-parameter model of a single-stage planetary gear train. G. Yi [9] studied the correlation between nonlinear tooth wedging and planet bearing forces by analyzing the dynamic response of planetary gear, in which tooth separation, back-side contact, tooth wedging and bearing clearances were taken into account. S. Tao [10] established a lateral-torsion coupled model with multiple clearances to analyze the nonlinear dynamics of a planetary gear system, in which the solutions were determined by harmonic balance method. J.W. LU [11] adopted lumped mass method to build a dynamic The nonlinear model is established by the lumped parameter method in the following hypotheses:
(1) All the planetary gears are assumed to be spur gears with the same physical and geometrical parameters. (2) The influence of friction in the process of the gear mesh can be neglected. Each corresponding mathematical model (Figure 1) is obtained by Newton-Euler method as follows:
The analysis of the sun gear:
The analysis of the ith planet gear:
The analysis of the carrier:
Where, J (subscripts s , pi , c ) is the inertia ranged from sun gear to planet carrier, s r is the base circle radius, c r is the carrier radius which is equivalent to the pitch circle radius of sun gear add to the pitch circle radius of planet, m (subscript pi ) is mass of planet gear,  is the mesh angle of gears, D T is the input matrix, L T is the load matrix, and P , D (subscripts spi , rpi ) are elastic mesh force and viscous mesh force, in which subscript spi represents the internal meshing between sun gear and the planet gear and subscript rpi represents the external meshing between the planet gear and carrier, respectively.
With the symbol  is used to represent the relative displacement in the direction of the meshing line, the relative displacement between the sun gear and the planetary gear and the relative displacement between the planetary gear and the carrier are respectively written as follows: 
Where, e is the composite error function in the process of gear meshing. The elastic mesh force and viscous mesh force of the parts can be written as follows:
Where, 2b (subscripts spi , rpi ) represents the backlash which is changed from internal meshing gear set to external meshing gear set. () Kt (subscripts spi , rpi ) is time-varying mesh stiffness along the action line, t is the time, C (subscripts spi , rpi ) is the damping coefficient of the gear set meshing which is taken as constant, and f is the nonlinear backlash function. The computation of the above parameters will be describes in the following section in detail.
The Computation of Model Parameters
The transformation law of time-varying mesh stiffness is taken as rectangular wave according to mesh stiffness characteristics of spur gear [12] . The specific transformation law with the relevant parameters is shown in Figure 3 . Where, T is the mesh cycle, Copyright ⓒ 2015 SERSC max K and min K can be defined as the maximum value and minimum value of the mesh stiffness, respectively. 0  is the initial phase during the meshing.
Figure 3. The Time-varying Mesh Stiffness
Taking the mesh frequency as the baseband, the periodic rectangular wave can be expanded into Fourier series, in which only the first harmonic term is used for the convenience in the following calculation. As a result, the mesh stiffness K can be expressed as follows:
is the average mesh stiffness, a K is the stiffness fluctuation amplitude,  is the stiffness fluctuation coefficient which is equal to / ma KK ,  is the mesh frequency, and 0  is the initial phase. At the same time, the mesh damping of the gear set can be expressed as:
Where,  is the damping ratio, M is the equivalent mass which is equal to 2 / b Jr , and the subscripts 1 and 2 represent the master gear and driven gear, respectively. Because of the compact arrangement of the gear reducer and the thicker structure of transmission shaft, the inertia can be distributed to the adjacent gears according to the law of the same center of mass, neglecting the effect on deformation. Therefore, the mesh damping of the parts can be expressed as follows:
As the carrier is fixed, the inertia of the carrier tends to infinity, at the same time the mesh damping between the planet gear and the carrier can be expressed as follows:
Assuming that the composite mesh error is the sin function which is changed with the mesh cycle of the planetary gear train, the dynamic mash error of the parts can be expressed as follows: ( 
Where, E is the composite frequency error,  is the mesh frequency of the planetary gear train. As the dynamic model of the planetary gear is established along the meshing line, the backlash is measured in meshing line. Taking the backlash as a symmetric function according to the description in the paper [13] , then the nonlinear backlash can be expressed as follows: 
Because of the strong nonlinearity of the backlash and the repeated call of the backlash, it will make troubles in computational process, causing a sharp divergence of solving speed. To solve it, a hyperbolic tangent function tanh (Figure 4 ) is used to approximate the traditional piecewise linear function, the specific expression is shown as follows:
Where,   is the amplification coefficient of backlash. According to Figure 5 , there will be a good approximation to equation (12) when  is amplified to 1000. Whereas the approximation function is composed of linear part and nonlinear part, the nonlinear part can be moved to the right side as a pseudo excitation. In conclusion, Equations (1)-(3) can be rewritten in the following matrix form as:
Where, M is constant diagonal inertia matrix, F is the pseudo excitation torque including motor torque, load torque and transmission error. So far, the dynamic model of joint with planetary gear reducer is established. According to equation (14)-(18), the dynamic model can be rewritten to the following differential equations: 
Seen from the equation (20), the solution to vector
x has been changed into vector v which means that the solving of second-order differential equation has been convert into the first-order differential equation, where H is the linear item and f is the nonlinear part. Through the above processing, the solving difficulty of nonlinear equations is reduced, at the same time the precise integration algorithm [15] can be used to handle with first-order differential equation. Due to the simple principle of precise integration algorithm, the steady-state response results can be obtained by means of few codes with high run speed.
Numerical Simulation
In this section, the differential equations will be solved numerically by precise integration algorithm (integration step is 1ms). The main parameters of the planetary gear transmission joint shown in Figure 1 (the planetary has 3 planet gears) are given in Table  1 . In this study, the value of average mesh stiffness m K is 8 10 , and the initial phase angle of frequency error is assumed to be 0. The phase diagram can be used to analyze the dynamic characteristics due to the core is to analyze the influence of backlash to gear periodic solutions. Assuming that the backlash values are both 2b between the meshing of sun-planets and planet-ring gear, the steady-state response can be calculated under different backlash values, which is characterized using the dimensionless displacement X . Owing to the similar variation between sc X and spi X , only the result of respond spi X is given as follows:
International Journal of Control and Automation Vol. 8, No. 2 (2015) 160 Copyright ⓒ 2015 SERSC Figure 7 , the steady-state response of system is harmonic respond when the backlash is 60 m  . So, the dynamic respond will be changed with the increasing of backlash. Figure 8 , the steady-state response of system is Chaos respond when the backlash is120 m  . It is concluded that the backlash within a certain range has less effect on periodic solutions of the planetary gear transmission train, but with the enlargement of backlash, the response quickly changed from single frequency response to the chaos, which will bring in strong meshing shock according to Figure 5 -8. Therefore, it is necessary to consider the existence of backlash in the process of modeling of planetary gear reducer transmission.
Conclusion
In order to analyze the influence on gear transmission joint with backlash, a comprehensive dynamic model of planetary gear transmission joints is established by the lumped parameter method with the consideration of time-varying mesh stiffness, mesh damping, gear backlash and gear mesh error. In addition, the differential equations of motion are established by Newton-Euler method in this study. On the basis of an approximate treatment to the nonlinear backlash according to the characteristic of function tanh and a dimensionless processing to the dynamic model, the differential equations are solved analytically using the precise integration algorithm under Hamiltonian system. In the above process, the appropriate coordinate transformation to system can reduce the dimensionality of equations, while the solving of differential equations under Hamiltonian system can lower the order. Ultimately, the steady-state response results can be obtained, where the simulation results indicate that:
(1) The backlash within a certain range has little effect on periodic solutions of planetary gear transmission train, and the dynamic response of system is the same as a linear system. (2) With the increasing enlargement of backlash, the response quickly turns from single frequency response to the chaos, which will bring in strong meshing shock. So the research on compensating control strategy of the planet gear with backlash is necessary.
